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Abstract. In this paper we present a brief overview of the multiple view geometry which is normally used in computer vision and its
application to X-ray testing. The article describes an explicit model which relates the 3D coordinates of an object to the 2D
coordinates of the digital X-ray image pixel, the geometric and algebraic constraints between two, three and four X-ray images
taken at different projections of the object, and the problem of 3D reconstruction from n views. Finally, applications that use the
theory of multiple view geometry are shown.
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1. Introduction
X-Ray testing is one of the more accepted ways for examining an object without destroying it. The purpose of this
non-destructive method is to extract features of parts that are located inside the piece and are thus not detectable to the
naked eye. A typical example is the inspection of castings (Mery et al, 2003).
The principle aspects of an automated X-ray inspection unit are shown in Fig. (1). Typically, it comprises the
following five steps:
•

The manipulator places the casting in the desired position.

•

The X-ray tube generates X-rays which pass through the casting.

•

The X-rays are detected by the fluorescent entrance screen of the image intensifier, amplified and depicted
onto a phosphor screen. The image intensifier converts the X-rays to a visible radioscopic image.

•

The guided and focussed image is registered by the CCD-camera.

•

The image processor converts the analogue video signal, transferred by the CCD-camera, into a digital data
stream. Digital image processing is used to improve and evaluate the radioscopic image.
Currently, flat detectors made of amorphous silicon are being used as image sensors in some industrial inspection
systems (Jaeger et al, 1999). In these detectors, the energy from the X-ray is converted directly into an electrical signal
by a semi-conductor (without image intensifier).
In some NDT & E applications, it is necessary to process multiple views in order to infer 3D information of the object
under test. Multiple view information is required for example, for inspecting the internal and external geometry of a
casting using CAD-models (Noble et al, 1998); for locating features of a 3D object using stereoscopic techniques
(Evans et al, 1996) and for finding flaws in a casting using correspondences of multiple views (Mery & Filbert, 2002).

Figure 1. Diagram of an automated X-ray inspection system and its coordinate systems. World: ( X , Y , Z ) . Object:
( X , Y , Z ) . X-ray projection: ( x, y) . Digital image: (u, v) .
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Multiple view analysis offers advantages not only in 3D interpretation. Two or more views of the same object
taken from different viewpoints can be used to confirm and improve the diagnostic done by analysing only one image.
This idea is also used by radiologists that analyse two different-view X-rays of the same breast to detect cancer in its
early stages. Thus, the number of cancers flagged erroneously and missed cancers may be greatly reduced as shown for
example in (Kita et al, 2001), where a novel method that automatically finds correspondences in two different views of
the breast is presented. Additionally, there are other applications, developed in the past 15 years by the medical
community, which also require 3D information. To cite a few: 3D reconstruction of tree structures from X-ray
angiogram projections (van Tran et al, 1992), in which 3D vessel reconstruction provides accurate anatomical
measurements to diagnose coronary artery diseases; and image guided surgery (Galloway, 2001), where the placement
of a biopsy needle or a sawing tool is guided by a computerised stereo X-ray imaging system.
In this article we present a brief overview of the multiple view geometry which is normally used in computer
vision and its application to the X-ray testing.1 We start presenting in Section 2, a model which relates the 3D
coordinates of an object to the 2D coordinates of the digital X-ray image pixel. In Section 3, we explain the constraints
between two, three and four X-ray images obtained as different projections of the object. The problem of the 3D
reconstruction is explained in Section 4. In Section 5, we present applications that use the theory of multiple view
geometry. Finally, in Section 6 we present some concluding remarks.
2. Geometric Model
In this Section a model is presented which relates the 3D coordinates of the object, to the 2D coordinates of the
radioscopic image pixel. Since the X-ray images are taken at n different positions of the object, an index p, p = 1,...,n, is
used to denote the position p of the object. In this approach, homogeneous coordinates (Faugeras, 1993) are used: a
point (a1 , L, a N ) in a N dimensional space is expressed as a homogeneous vector with N+1 elements (b1 , L, bN , bN +1 )
where ai = bi / bN +1 for i = 1,...,N.
2.1 Coordinate systems
One can define the following coordinate systems to describe the relationship between 3D object point and 2D
pixel, as shown in Fig. (1):
The 3D object coordinate system is attached to the object. An object 3D point M in this coordinate system is
denoted by M = [X Y Z 1]T in homogeneous coordinates.2 The centre of rotation of the object is assumed at the
origin O of this coordinate system. The motion of the object is considered as a rotation around the origin, followed by a
translation. The coordinates of M in the object coordinate system are independent of the object displacement, i.e.
M =Mp.
The 3D world coordinate system is defined in the optical centre of the central projection, i.e. its origin C
corresponds to the X-ray source. The object point M at position p in this coordinate system is M p = X p Y p Z p 1 T
in homogeneous coordinates. The object coordinate system is then considered as a rigid displacement of the world
coordinate system represented by a 3×3 rotation matrix Rp and a 3×1 translation vector tp (Faugeras, 1993). With the
4×4 matrix Sp

[

tp
1 

R
Sp =  p
O

]

(1)

one obtains the relationship between object and world coordinate system
Mp= Sp M.

(2)

Now, a 2D X-ray projection coordinate system is defined that indicates the coordinates of a point in the (not
visible) X-ray image at a fictitious plane Z = f located at the entrance screen of the image intensifier. Its origin o is
pierced by the Z -axis. The X-rays make a linear perspective projection of the point M onto a point mp (at position p) in
the fictitious plane without any distortion. Applying Thales theorem, the homogeneous coordinates of mp in this 2D
system are m p = x p y p 1 T , with x p = f ⋅ X / Z and y p = f ⋅ Y / Z . Thus, the following linear equation is obtained:

[

1

]

The complete mathematical background can be found in (Mery, 2003).
We use the notation of Faugeras (1993), where we differentiate between the projective geometric objects themselves and their
representations (e.g. a point in the space will be denoted by M whereas its vector in homogeneous coordinates will be denoted by M).
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(3)

B

where λ p is a scale factor. One may denote by Pp= BSp the 3×4 perspective projection matrix at position p. From (2)
and (3) one obtains the equation that maps object coordinates to X-ray projection plane coordinates at the position p of
the object:

λ p m p = Pp M .

(4)

Finally, the 2D image coordinate system is introduced as a representation of the pixel coordinates of the (visible)
radioscopic image formed at the CCD camera. The point mp is projected onto the plane of the CCD-array as
T
w p = u p v p 1 in homogeneous coordinates. Due to the curvature of the entrance screen of the image intensifier and
the electromagnetic fields that may be present in the radioscopic system, the radioscopic image received by the CCD
camera is deformed, especially at the corners of the image. Therefore, the relationship between X-ray projection and
image coordinate system is non-linear:

[

]

wp = f(mp).

(5)

The non-linear function f can be cubic (Brack et al, 1996) or hyperbolic (Mery & Filbert, 2002). A way to estimate this
function is by analysing the projective distortion of a calibration plate which contains holes placed in a regular grid
manner. The phenomenon of the distortion effect is illustrated in the radioscopic image of the calibration plate (see
Fig.(2a)). The modelled hyperbolic grid is shown in Fig. (2b).
In case we have a flat panel detector, the relationship (5) is performed linearly by wp = Tmp, where T is a 3×3
matrix that causes a general 2D perspective Transformation where rotation, translation, scaling, skew and perspective
distortion are considered (Hartley & Zisserman, 2000).
Using (4) and (5) a relation can be made between the 3D coordinates of the object and the radioscopic image pixel
coordinates at each position of the object.
In the following sections, geometric and algebraic constraints are considered to solve the correspondence problem
between radioscopic images at different positions of the object and the 3D reconstruction problem taking corresponding
points in these images. In the approach, a point wp, found in the radioscopic image p, is first transformed into the
coordinates of the X-ray projection coordinate system using the inverse transformation of (5):
m p = f −1 (w p )

(6)

With this non-linear transformation one can use the linear relationship (4) explained above.
To summarise, from (4) and (5) it is possible to map an object point M, whose homogeneous coordinates are
T
M = [X Y Z 1] in a coordinate system attached to the object, into a 2D point of the digital X-ray image wp (in
position p), the coordinates of which are given by function F:

[

w p = up

]

T

v p 1 = F (Θ p , M )

(7)

where Θ p is the vector of parameters involved in the projection model, i.e. focal distance f, angles for the rotation in
Rp, displacements for the translation in tp, etc.

Figure 2. X-ray of the calibration plate and its modelled grid.
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2. 2 Calibration
The calibration of an X-ray imaging system -in the context of 3D machine vision- is the process of estimating the
parameters of the model, which is used to determine the projection of the 3D object under test into its 2D digital X-ray
image. This relationship 3D → 2D can be modelled with the transfer function F : ℜ 3 → ℜ 2 expressed in (7).
There are several calibration techniques developed by the computer vision community to calibrate an imaging
system. They can be roughly classified into two categories: photogrammetric calibration and self-calibration. The first
one is a 3D reference object-based calibration, where the calibration is performed by observing a calibration object
whose geometry in 3D space is known. The second technique uses the identification of matching points in several views
of a scene taken by the same camera. Self-calibration does not use a calibration object with known 3D geometry
because it aims to identify the intrinsic parameters of the camera and to reconstruct 3D structure up to a scale similarity.
Due to the high precision feature measurement of 3D geometry required in the NDT & E applications, it would be
necessary to do a true reconstruction of the 3D space without a scale factor. For this reason, the calibration technique
used in NDT & E belongs to the photogrammetric category: it uses a 3D reference object with known geometry.
The parameters of the model are estimated by minimising an objective function, which is the distance between the
modelled projection of a set of object points with its measured projection.
Thus, we estimate the parameters of the model based on a number of points whose object coordinates ( X , Y , Z ) are
known and whose image coordinates (u, v) are measured. We define the m calibration points of the calibration object as
T
M i = [X i Yi Z i 1] , for i=1,...,m. Using (7) we obtain the reprojected points wip, that are the inferred projections in
image p computed from the calibration points using the calibration parameters Θ p , for p=1,...,n. The parameter vector

is then computed by minimising the distance between measured points (wip) and estimated points ( wˆ ip = F (Θ p , M i ) ).
The objective function J is defined as the mean-square discrepancy between these points:
J (Θ) =

1 n m
∑∑ wi − F (Θ p , Mi ) → min
nm p =1 i =1

(8)

where Θ = [Θ1 L Θ n ]T . The calibration problem is a non-linear optimisation problem, where the minimisation of J (Θ)
has no closed-form solution.3 For this reason, the objective function must be iteratively minimised starting with an
initial estimated value Θ 0 .
3. Corresponding points in multiple view
Corresponding points are those projection points (in different views) that represent projections of the same 3D
point. With the geometric model of Section 2, we can relate the 3D coordinates of the object into the digital X-ray
image pixel coordinates at each projection of the object. In this Section, we consider geometric and algebraic constraints
to solve the correspondence problem between X-ray images obtained as different projections of the test object. For
further details see (Faugeras, 1993; Faugeras et al, 2001; Hartley & Zisserman, 2000; and Mery, 2003).
In the approach, a corresponding point wp, that is found in the p-th image, is firstly transformed into the point mp
of the X-ray projection coordinate system using the transformation (6). With this transformation we can use the linear
relationship (4) explained above.
3.1 Correspondence between two views
Now, the correspondence between two points mp and mq (in the X-ray projection coordinate system) is considered.
The first point is obtained by projecting the object point M at position p, and the second one at position q.
To solve the correspondence problem we use epipolar geometry. The epipolar constraint is well known in stereo
vision: for each projection point mp at the position p, its corresponding projection point mq at the position q lies on the
epipolar line l of mp, as shown in Fig. (3), where Cp and Cq are the optical centres of projections p and q respectively.
In this representation, a rotation and translation relative to the object coordinate system is assumed. The epipolar line l
can be calculated as the projection of line m p , C p by the centre of projection Cq into projection plane q. After some
manipulations, one obtains the linear relationship:
[mq]TFqpmp = 0

3

(9)

Under some assumptions a closed-form solution can be obtained if the geometric distortion is not considered (Faugeras, 1993).
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Figure 3. Epipolar geometry between two views.
where Fqp is the well-known 3×3 Fundamental Matrix between projections p and q, which depends only on perspective
projection matrices Pp and Pq. Equation (9) is known as the epipolar constraint: If mp and mq are corresponding points,
then mq must lie on the epipolar line l of mp, i.e. [mq]TFqpmp must be zero.
In practice, the projection points mp and mq can be corresponding points, if the perpendicular Euclidean distance
from the epipolar line l (of the point mp) to the point mq is small enough.
An additional criterion to establish the correspondence between two views is that the 3D point reconstructed from
the projection points mp and mq must belong to the space occupied by the test object. From mp and mq the corresponding
3D point M can be estimated using 3D reconstruction techniques (see Section 4). It is necessary to examine if M resides
in the volume of the test object, the dimensions of which are usually known a priori (e.g. a wheel is assumed to be a
cylinder). This criterion implies that the epipolar line is delimited. It is possible to use a CAD model of the test object to
evaluate this criterion in a more precise way.
3.2 Correspondence between three views
Given three points mp, mq and mr (at positions p, q and r respectively), the projection of the corresponding 3D
point M into the three views may be expressed as a single matrix equation using (4):

(10)

If mp, mq and mr are corresponding points, then there exists a non-trivial solution of v in (10). It follows that any 7×7
minor of the 9×7 G has a zero determinant. This condition leads to four independent trilinear relationships, Shashua's
trilinearities, between the vectors mp, mq and mr.
Using a structure called the trifocal tensor, which depends only on perspective projection matrices Pp and Pq and
Pr, one can directly compute the coordinates of the third point mr, given the points mp and mq. In practice, given two
corresponding points mp and mq, the third one mr can be considered as the corresponding point in third view, if the
Euclidean distance between mr and its estimation computed from mp and mq is small enough.
3.3 Correspondence between four views
In the four views case we have the projection points mp, mq, mr and ms at p-th, q-th, r-th and s-th positions
respectively. Similar to the previous section we can write the four projection equations as a linear equation G⋅v = 0.
Once more, the existence of a nontrivial solution for v yields in this case to the condition that all 8 × 8 minors of G must
be zero. Thus, we obtain the well known 81 quadrifocal tensors and the corresponding 16 quadrilinearities.
In practice, the quadrilinearities are not used because they are redundant. Corresponding constraints in four views
are obtained from the trilinearities. Thus, the points mp, mq, mr and ms are corresponding if mp, mq, and mr are
corresponding, and mq, mr and ms are corresponding as well.
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Figure 4. Schematic diagram of the 3D reconstruction of the location of a flaw in a wheel from two X-ray images.
4. Three-dimensional reconstruction
In NDT & E, three-dimensional reconstruction is usually related to computed tomography (CT). However, in
computer vision the attempt is made to estimate only the location (and not the X-ray absorption coefficient) of 3D
points in space. In this sense, the reconstruction is based on photogrammetric rather than tomographic methods.
In this Section, two approaches that perform the 3D reconstruction, in sense of locating in 3D space, will be
mentioned. The 3D reconstruction will be done from corresponding points in X-ray projection coordinate system. As
explained in Section 3, a point wp, that is found in the p-th image, is first transformed into the coordinates mp of the Xray projection coordinate system.
It is assumed that there are n projections (at n different positions), in which the corresponding points mi, i = 1,...,n,
with coordinates (xi,yi) are presented. To reconstruct the corresponding 3D point M that may have produced these
projection points, equation (4) is used in each position: λi m i = Pi M . Each projection yields three linear equations in the
unknowns X, Y, Z and λi . A linear approach to perform the 3D reconstruction was introduced by Hartley (1995) from
two corresponding points m1 and m2 in two different views (n=2).
In addition, a general method for n≥2 is outlined in (Faugeras, 1993). In this method, an overdetermined equation
system is obtained from λi m i = Pi M for i = 1,...,n, which can be solved for ( X , Y , Z ) using a least squares technique.
5. Applications
In this Section we present X-ray testing applications that use the theory of multiple view geometry.
5.1 Three-dimensional measurement
3D industrial measurement is usually performed using techniques based on coordinate measurement machines
(CMM) or computed tomography (CT). However, both are prohibitive for many industrial applications. For instance,
CMM is typically limited since complicated structures like internal features, small holes or highly curved concave
surfaces, cannot be reached. On the other hand, CT is a very time intensive process requiring a minimum data
acquisition time for adequate signal to noise ratios as well as a minimum number of projections for the desired local
resolution. At present data acquisition and reconstruction based on CT can be performed in a few minutes. An
alternative approach to the internal feature measurement of industrial parts, is proposed in (Noble et al, 1998), where the
3D geometry is measured by 3D reconstruction from few X-ray views of the test object. Since the 3D reconstruction is
based on photogrammetric rather than tomographic methods, the 3D measurement can be achieved in a few seconds. A
comparison between this method and CT, in terms of accuracy or measurement time, is not reported in the literature.
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Figure 5. Flaw simulation process using a CAD model for an ellipsoidal flaw. The simulated defect is almost identical
with the real flaws.
An additional application of 3D reconstruction is the location of a detected flaw in the test object (Mery & Filbert,
2000) and the accurate measurement of the dimensions of a detected flaw. Usually, the 3D measurement is performed
by multiplying the size in pixels of the flaw in the X-ray image by a scale factor that converts the pixels into millimetres
(Schulenburg and M. Purschke, 1998). However, this procedure suffers from inaccuracy because it does not take into
account the depth information. Using a 3D reconstruction technique, as explained in Section 4, it is possible to avoid
this problem. An example is illustrated in Fig. (4), where the size d of the flaw can be measured in a more precise way.
5.2 Three-dimensional flaw simulation
In order to evaluate the sensitivity of defect inspection systems, it is convenient to examine simulated data. This
gives the possibility to tune the parameters of the inspection method and to test the performance of the system in critical
cases (Mery, 2001). Among the NDT & E community there are several approaches that produce this simulated data
using a 3D model of the perspective projection.
One approach makes a simulation of the entire X-ray imaging process (Tillack et al, 2000), i.e. the characteristic of
the X-ray source, the geometry, and material properties of objects and their defects, as well as the imaging process itself
are modelled and simulated independently. Complex objects and defect shapes can be simulated using CAD models.
Another method simulates only the flaws (and not the whole X-ray image of the object under test) by
superimposing projections of 3D models onto real X-ray images (Hahn & Mery, 2003). Using the geometric model
outlined in Section 2, we are able to estimate the projections of a CAD model in every desired position. An example is
illustrated in Fig. (5), where an ellipsoidal flaw is superimposed onto a real radioscopic image.
5.3 Automated flaw detection based on the tracking of potential defects
A method for the automated inspection of aluminium die cast pieces with the aid of monocular X-ray image
sequences was developed in (Mery & Filbert, 2002). The procedure is able to perform casting defect recognition in two
stages: identification and tracking of potential flaws.
In the first step, the identification is performed automatically with a single filter and without a priori knowledge of
the test piece structure. An edge detection procedure based on the Laplacian-of-Gaussian is employed to find abrupt
changes in grey values (edges) in every X-ray image. Here, the zero crossings of the second derivative of the Gauss
low-pass filtered image are detected. These edges are then utilised to search for potential flaws defined as regions with a
certain area and a high contrast level compared to their surroundings. In the second step, the attempt is made to track the
potential casting defects in the sequence of images. False detections can be eliminated successfully in this manner, since
they do not appear in the following images and, thus, cannot be tracked. In contrast, the true casting defects in the image
sequence can be tracked successfully because they are located in the position dictated by the geometric conditions. The
tracking of the potential casting defects in the image sequence is performed according to the multiple focal constraints
explained in Section 3. Multi-focal tensors are applied to reduce the computation time. Following a 3D reconstruction
of the position of the potential casting defect tracked in the image sequence, it is possible to eliminate those which do
not lie within the boundaries of the test piece.4 A schematic example is illustrated in Fig. (6)

4

In <http://www.diinf.usach.cl/~dmery/sequences.htm>, a real example of this method is shown.
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Figure 6. Flaw detection based on tracking of potential flaws in a sequence: a) image sequence with a small flaw (see
arrow), b) detection of potential flaws, c) search of matching in two views, d) remaining potential flaws after matching
in two views, e) search of triplets, f) tracking in more views, and final detection, the false alarms are eliminated without
discrimining the real flaws.
5.4 Stereoscopic X-ray imaging for the screening of passenger baggage at airports
In (Evans et al, 1996), a stereoscopic X-ray imaging system is presented for a security screening of passenger
baggage at airports. The system is based on a single X-ray source and a pair of linear X-ray detector arrays. The images
are acquired whilst the object under inspection is linearly translated past the X-ray detectors. The stereoscopic image
pair of a suitcase is used to perform a 3D reconstruction in order to extract 3D coordinate information of the contents.
Thus, the inspection task can be easily performed in complicated images where there are superposed structures.
Preliminary studies indicate that the binocular stereoscopic X-ray images produced by this technique significantly aid
X-ray machine operators in their ability to interpret complex 3D objects (Evans & Robinson, 2000).
6. Summary
In this paper a brief overview of the multiple view geometry in relation to X-ray testing was presented. The key
idea of the multiple view analysis is to gain more information about a test object by analysing multiple views taken at
different viewpoints. Several applications were shown in order to illustrate the theory.
It is well known that an image says more than thousand words. However, this is not always true if we have an
intricate X-ray image with superposed structures. In this sense, multiple view analysis is a useful and powerful
alternative for examining complex objects were uncertainty can lead to misinterpretation.
Multiple view analysis offers advantages not only in 3D interpretation. Two or more views of the same object
taken from different viewpoints can be used to confirm and improve the diagnostic done by analysing only one image.
Due to the relatively low cost and the low number of images that must be taken and processed, the multiple view
X-ray testing represents an economic alternative to CT for rapid internal feature analysis.
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